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Abstract –Reflection at an interface separating two different media is a rather universal phe-
nomenon which arises because of wave mismatching at the interface. By means of supersymmet-
ric quantum mechanics methods, it is shown that a fully transparent interface can be realized,
connecting two isospectral but different one-dimensional crystals. An example of reflectionless
interface is presented for the sinusoidal (Mathieu) crystal connected to a non-sinusoidal potential
by a transparent domain wall.
Introduction. – Reflection, transmission and local-
ization of matter or classical waves at the interface be-
tween two different media are fundamental phenomena en-
countered in different areas of physics. Interfaces are gen-
erally responsible for the appearance of surface waves that
are localized at the boundary of the two media. For exam-
ple, electronic surface states can be sustained at the inter-
face between two different semiconductors in the gap be-
tween conduction and valence bands [1,2]. Surface acous-
tic waves can arise at the interface of two media owing to
the coupling between longitudinal and transverse modes
[3]. Similarly, surface electromagnetic waves can be sus-
tained at the interface between two different periodic opti-
cal crystals [4–6], as well as at a metal-dielectric interface
in the form of plasmon waves [7].
Other interesting properties of interfaces arise when
considering reflection and transmission phenomena. Re-
fection at an interface is a rather universal phenomenon
which arises from the abrupt change of the medium prop-
erties. A well-known example is provided, for instance, by
Fresnel reflection at the interface between two dielectric
optical media. At an interface between a normal metal and
a superconductor, Andreev reflection [8], i.e. conversion
of electron into hole excitations by the superconducting
pair potential, takes place in the form of either retro-type
or specular reflection [9]. Andreev reflection and electron-
electron retro-type reflection can be observed, for example,
at the interface of graphene and superconductors [9–11].
In some exceptional cases, an abrupt interface between
two media can appear to be transparent (reflectionless in-
terface). A remarkable example of transparency is pro-
vided by a potential step or barrier in graphene junctions
[9,12–14], which turn out to be reflectionless at any energy
of the incoming electron at normal incidence. In this case
transparency is attributed to Klein tunneling of massless
Dirac fermions in a gapless band system with linear dis-
persion relations of valence and conduction bands. Other
kinds of transparency effects at interfaces have been pre-
dicted to occur in superconductor/ferromagnetic multilay-
ers [15], ac-driven tight-binding lattices [16], transforma-
tion optical metamaterials [17], and topological insulators
with induced ferromagnetic domain walls [18]. In the lat-
ter case transparency was related to a supersymmetry of
the surface Dirac Hamiltonian combined with the domain-
wall profile.
In this Letter we show rather generally that perfect
transparency can be realized at an interface between two
isospectral crystals. Isospectrality is a necessary, but not
a sufficient condition, to realize a transparent interface at
any energy [25]. The existence of crystals with distinct
unit cells supporting the same band structure is possible
owing to the non-uniqueness of the inverse spectral prob-
lem for the Schro¨dinger equation with a periodic potential.
Isospectral crystals can be synthesized by supersymmetric
(susy) quantum mechanics and Darboux transformation
methods [20–22], which are powerful techniques in spectral
problems. However, an interface between two isospectral
crystals is generally not transparent, and the possibility
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to realize a reflectionless interface between two different
isospectral crystals has not been investigated yet. By a
suitable extension of susy methods to a periodic lattice,
we show that a fully transparent interface between two
isospectral crystals, which is reflectionless at any energy,
can be synthesized. An example of reflectionless inter-
face is presented for a sinusoidal (Mathieu) periodic lat-
tice, connected by a transparent domain wall to a non-
sinusoidal lattice.
Isospectral crystals. – Let us consider two periodic
potentials V1(x) and V2(x) describing two crystals with
the same lattice period a but with different unit cells,
i.e. V1,2(x + a) = V1,2(x) and V1(x) 6= V2(x). The two
crystals are said to be isospectral if they have the same
band structure [23]. Isospectral crystals can be synthe-
sized, for instance, by application of the susy methods of
quantum mechanics [20, 21]. The standard procedure to
realize isospectral crystals is discussed in several works
(see, for instance, [22]) and it is here briefly reviewed for
the sake of clearness.
Let us consider the Hamiltonian Hˆ1 = −d2/dx2 +V1(x)
with a periodic potential V1(x) of period a, and let us
assume without lack of generality that the energy E = 0
falls in a gap of the spectrum of Hˆ1. Indicating by χ(x) an
arbitrary solution to the equation Hˆ1χ = 0, the following
factorization holds
Hˆ1 = Aˆ
†Aˆ (1)
where Aˆ = −d/dx + W (x) and W (x) is the so-called su-
perpotential, given by
W (x) =
d
dx
ln [χ(x)] =
1
χ(x)
dχ
dx
(2)
The potential V1(x) is related to the superpotential W (x)
by the simple relation
V1(x) = W
2(x) +
dW
dx
. (3)
Note that, since E = 0 falls in an energy gap, accord-
ing to the Bloch-Floquet theorem there are two linearly-
independent solutions to the equation H1χ = 0 given
by (see, for instance, [24]) χ1(x) = u1(x) exp(µx) and
χ2(x) = u2(x) exp(−µx), where µ = µR + iµI is the Flo-
quet exponent, µR = Re(µ) > 0, µI = Im(µ) = 0, pi/a
[26], and u1,2(x + a) = u1,2(x) are periodic functions.
In the following analysis we will assume χ(x) = χ1(x),
however similar results would be obtained by setting
χ(x) = χ2(x). Let us then consider the Hamiltonian
Hˆ2 = AˆAˆ
† = −d2/dx2 + V2(x), obtained from Hˆ1 by in-
terchanging the order of the operators Aˆ and Aˆ†. Then it
can be readily shown that the potential V2(x) is given by
V2(x) = W
2(x)− dW
dx
= V1(x)− 2dW
dx
. (4)
Note that, since χ(x) = u1(x) exp(µx), from Eq.(4) one
obtains for the potential V2(x) the following expression
V2(x) = V1(x)− 2u1(d
2u1/dx
2)− (du1/dx)2
u21
(5)
which is periodic with the same lattice period a of V1(x)
[25]. It can then readily proven that the lattices V1(x)
and V2(x) are isospectral. In fact, let us indicate by ψ(x) a
Bloch eigenfunction of Hˆ1 with energy E 6= 0 belonging to
the continuous spectrum of Hˆ1, i.e. Aˆ
†Aˆψ(x) = Eψ(x). It
then follows AˆAˆ†Aˆψ(x) = EAˆψ(x), i.e. Hˆ2φ(x) = Eφ(x)
with
φ(x) = Aˆψ(x) = −dψ
dx
+W (x)ψ(x). (6)
Since φ(x) - like ψ(x)- does not diverge as x → ±∞, E
belongs to the continuous spectrum of Hˆ2 as well. Note
that Eq.(6) can be inverted, yielding
ψ(x) =
1
E
Aˆ†φ(x) =
1
E
[
dφ
dx
+W (x)φ(x)
]
. (7)
In a similar way, if φ(x) is a Bloch-Floquet eigenfunction
of Hˆ2 = AˆAˆ
† belonging to the continuous spectrum with
energy E 6= 0, then ψ(x) defined by Eq.(7) is an eigen-
function of Hˆ1 with the same energy E, i.e. E belongs to
the continuous spectrum of Hˆ1 as well. This proves that
Hˆ1 and Hˆ2 are isospectral, apart from the energy E = 0,
which might belong to the continuous spectrum of Hˆ2 (but
not of Hˆ1 for construction). To determine whether E = 0
belongs or not to the continuous spectrum of Hˆ2, let us no-
tice that Aˆ†(1/χ(x)) = −(dχ/dx)(1/χ2)+W (x)(1/χ) = 0,
and hence Hˆ2(1/χ) = AˆAˆ
†(1/χ) = 0. This means that the
function
ρ(x) =
1
χ(x)
=
1
u1(x)
exp(−µx) (8)
is a solution to the equation H2φ = 0. The other linearly-
independent solution to the same equation is given by
ρ2(x) = (1/χ)
∫ x
0
dtχ2(t). Since ρ(x) and ρ2(x) are un-
bounded functions as x → ∞, it follows that E = 0 does
not belong to the continuous spectrum of Hˆ2, i.e. the lat-
tices V1(x) and V2(x) are isospectral. Finally, note that
the superpotential W (x), defined by Eq.(2), can be also
written as
W (x) = − d
dx
ln [ρ(x)] = − 1
ρ(x)
dρ
dx
(9)
where ρ(x) = 1/χ(x) satisfies the equation Hˆ2ρ(x) = 0.
Transparent interface between isospectral crys-
tals. – Let us consider two periodic and isospectral lat-
tices with potentials V1(x) and V2(x), and let us consider
the simplest interface connecting them and described by
the potential V3(x) = V1(x) for x < 0 and V3(x) = V2(x)
for x > 0. One might naively think that, as the two
potentials V1(x) and V2(x) are isospectral, the interface
should be transparent to any Bloch wave packet propa-
gating across the interface. Unfortunately, this is not the
case and a Bloch wave packet rather generally undergoes
partial reflection at the interface, in spite of the isospec-
trality of the two lattices. The reason thereof is that to
satisfy the matching conditions at the interface x = 0,
requiring the continuity of the wave function and of its
p-2
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first derivative, the wave at x < 0 should rather generally
include both forward propagating and backward propa-
gating Bloch waves. To realize a transparent interface be-
tween two isospectral crystals, we should extend the susy
technique for periodic potentials discussed in the previous
section. Following the analysis of Ref. [20], let us notice
that the superpotential is not uniquely defined. Indeed,
the Hamiltonian Hˆ2 = −d2/dx2+V2(x) can be rather gen-
erally factorized as Hˆ2 = BˆBˆ
†, where Bˆ = −d/dx+Q(x)
and the superpotential Q(x) is obtained from an arbitrar-
ily chosen solution f(x) to the equation Hˆ2f = 0 via the
relation Q(x) = −(1/f)(df/dx). Note that, if we assume
f(x) = ρ(x) = 1/χ(x), according to Eq.(9) one obtains
Q(x) = W (x) and hence Bˆ = Aˆ. Let us now observe that
the most general solution to the equation Hˆ2f = 0 is given
by
f(x) = αρ(x) + ρ2(x) =
α+
∫ x
0
dtχ2(t)
χ(x)
(10)
where α is an arbitrary constant. With the associated
superpotential Q(x) = −(1/f)(df/dx), we can construct a
third lattice with the Hamiltonian
Hˆ3 = Bˆ
†Bˆ = − d
2
dx2
+ V3(x) (11)
which is obtained from Hˆ2 by interchanging the opera-
tors Bˆ and Bˆ†. The potential V3(x) is obtained from the
superpotential Q(x) via the relation
V3(x) = Q
2(x) +
dQ
dx
. (12)
Using Eq.(10) with χ(x) = u1(x) exp(µx) and the rela-
tion Q(x) = −(1/f)(df/dx), after some straightforward
calculations one obtains the following expression for the
potential V3(x)
V3(x) = V1(x) + F (x) (13)
where we have set
F (x) =
2χ4(x)[
α+
∫ x
0
dtχ2(t)
]2 − (dχdx
)
4χ(x)
α+
∫ x
0
dtχ2(t)
(14)
Note that, provided that α is chosen to satisfy the con-
straint α > α0, with
α0 =
∫ 0
−∞
dx χ2(x) =
∫ 0
−∞
dx u21(x) exp(2µx) <∞ (15)
F (x) is a bounded and non-singular function, with F (x)→
0 as x→ −∞ and F (x)→ F0(x) with F0(x+ a) = F0(x)
as x → +∞. Therefore, the potential V3(x), defined by
Eqs.(13) and (14), is not periodic and describes an inter-
face separating the two locally-periodic potentials V1(x)
(at x→ −∞) and V1(x) +F0(x) (at x→∞) by a domain
wall. Note that, while F0(x) does not depend on the pa-
rameter α, the domain wall, i.e. the behavior of V3(x) near
Fig. 1: (Color online)(a) Band diagram of the Mathieu po-
tential (21) for parameter values V0 = 0.2, a = 2pi and
E0 = −0.0818. (b) Behavior of the periodic part u1(x) of the
evanescent wave χ(x) = u1(x) exp(µx) at the energy E = 0
in a forbidden energy region. The Floquet exponent µ is
µ = 0.2572.
the interface region x ∼ 0 does depend. Since the param-
eter α can be chosen arbitrarily, with the solely constraint
α > α0, it follows that there is a one-parameter family
of domain walls connecting the two periodic and isospec-
tral lattices V1(x) and V1(x) + F0(x). The main result is
that the domain walls synthesized in this way turn out
to be fully transparent. In fact, let us indicate by ψ(x) =
u(x) exp(ikx) a forward-propagating Bloch wave of the po-
tential V1(x) with wave number (quasi-momentum) k and
energy E 6= 0, belonging to a given allowed band of the
lattice, i.e. Aˆ†Aˆψ(x) = Eψ(x). Taking into account that
AˆAˆ† = BˆBˆ†, it then follows that BˆBˆ†Aˆψ(x) = EAˆψ(x),
and hence Bˆ†BˆBˆ†Aˆψ(x) = EBˆ†Aˆψ(x). Since Hˆ3 = Bˆ†Bˆ,
one obtains that Hˆ3g(x) = Eg(x) with
g(x) =
1
E
Bˆ†Aˆψ(x) =
1
E
(
d
dx
+Q(x)
)(
− d
dx
+W (x)
)
ψ(x).
(16)
Equation (16) shows that g(x) is an eigenfunction of
the lattice V3(x) with energy E. Taking into account that
Q(x) = −(1/f)(df/dx) and W (x) = (1/χ)(dχ/dx), from
Eqs.(10) and (16) one obtains
g(x) = ψ(x) +
1
E
χ(x)
α+
∫ x
0
dt χ2(t)
[
χ(x)
dψ
dx
− ψ(x)dχ
dx
]
(17)
with χ(x) = u1(x) exp(µx). The transparency of the inter-
face readily follows from the asymptotic behavior of g(x)
as x → ±∞. In fact, as x → −∞ one has g(x) ' ψ(x) =
p-3
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Fig. 2: (Color online) Examples of transparent domain walls
connecting the Mathieu potential V1(x) with the non-sinusoidal
potential V1(x) + F0(x), as given by Eqs.(13) and (14), for (a)
α = 150, and (b) α = 170. The other parameter values are as
in Fig.1. In (c) the unit cells of the two periodic lattices V1(x)
(solid curve) and V1(x) + F0(x) (dotted curve) are depicted.
(d) and (e): same as (b) and (c), but for E0 = 0.1503 and
α = 0.1503.
u(x) exp(ikx) whereas g(x) ' h(x) exp(ikx) as x → +∞,
where
h(x) = u(x) +
(ik − µ)u21u+ u21(du/dx)− uu1(du1/dx)
Es(x)
(18)
Fig. 3: (Color online) Numerically-computed evolution of a
Gaussian wave packet in the transparent interfaces of Fig.2(a)
[upper panel (a)] and 2(b) [lower panel (b)]. The figures show
the evolution of |ψ(x, t)| for the initial condition ψ(x, 0) =
exp[−(x−x0)2/w2] exp(ik0x) for parameter values x0 = −100,
w = 40 and k0 = 1/4. The initial wave packet mainly excites
the lowest band of the lattice, however small excitation of the
two higher bands is visible.
and
s(x) = lim
x→+∞ exp(−2µx)
∫ x
0
dt u21(t) exp(2µt). (19)
Note that s(x), and hence h(x), is a periodic function of
x with period a. This means that, as x → ±∞, g(x)
is of Bloch-Floquet type with the same wave number k,
indicating the absence of reflected waves.
Finally, it should be noted that the transparent interface,
connecting the two locally-periodic potentials V1(x) and
V1(x)+F0(x), sustains a localized (surface) state near the
domain wall corresponding to the energy E = 0 in the
gap. The surface state is simply given by
gs(x) =
1
f(x)
=
χ(x)
α+
∫ x
0
dt χ2(t)
(20)
which is a normalizable state, exponentially decaying at
x→ ±∞ and satisfying the equation Hˆ3gs(x) = 0.
An example of reflectionless interface. – As an
example, let us consider the sinusoidal (Mathieu) potential
V1(x) = V0 cos(2pix/a)− E0 (21)
where V0 is the lattice amplitude and E0 is an energy off-
set. The Mathieu potential is a well-studied and soluble
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problem in energy band theory [27]. The band structure
of the periodic lattice, numerically computed by standard
methods, is shown in Fig.1(a) for a = 2pi, V0 = 0.2 and for
an energy offset E0 = −0.0818. For such an energy offset,
the energy E = 0 falls in a forbidden region, namely below
the lowest lattice band; at this energy the Floquet expo-
nent µ is real-valued and given by µ ' 0.2572. The behav-
ior of the periodic part u1(x) of the evanescent wave func-
tion χ(x) = χ1(x) = u1(x) exp(µx) is depicted in Fig.1(b).
The corresponding critical value α0 of the parameter α,
defined by Eq.(15), turns out to be α0 ' 117.45. Fig-
ures 2(a) and 2(b) show, as an example, the behavior of
the potential V3(x), given by Eqs.(13) and (14), that con-
nects the two periodic lattices V1(x) and V1(x) + F0(x)
by a transparent domain wall for α = 150 [Fig.2(a)] and
α = 170 [Fig.2(b)]. The unit cells of the two periodic
lattices V1(x) and V1(x) + F0(x), that are connected at
the interface by the domain wall, are depicted in Fig.2(c).
We note that transparent domain walls could be synthe-
sized by shifting the energy offset E0 in Eq.(21) so that
the energy E = 0 falls inside an energy gap embedded be-
tween two transmission bands. As an example, in Fig.2(d)
we plot the shape the potential V3(x) with an embedded
transparent domain wall for E0 = 0.1503 and α = 10. For
such an energy offset, E = 0 falls in the gap between the
first and second lattice bands. The Floquet exponent µ is
given by µ = 0.0334 − 0.5i. The unit-cell behavior of the
two isospectral lattices V1(x) and V1(x) + F0(x) that are
connected by the domain wall are shown in Fig.2(e). Note
that, as compared to the potentials of Figs.2(a-c), in this
case the domain wall is smoother and the two isospectral
potentials are more similar each other. If the offset E0 in
Eq.(21) is further increased to push the energy E = 0 in a
narrower gap between two higher bands, the two isospec-
tral potentials turn out to be almost indistinguishable.
We have checked the transparency of the interfaces
by direct numerical simulations of the time-dependent
Schro¨dinger equation
i∂tψ(x, t) = −∂
2ψ(x, t)
∂x2
+ V3(x)ψ(x, t) (22)
using an accurate pseudospectral split-step method.
As an initial condition, we assumed a Gaussian wave
packet, of width w and localized at the position x0 < 0
far from the interface, with a mean momentum k0, i.e.
ψ(x, 0) = exp[−(x − x0)2/w2] exp(ik0x). The input wave
packet generally excites Bloch-Floquet states belonging
to different bands of the lattice, with a weight that is
determined by the so-called Bloch excitation functions
[28]. The group velocities and group velocity dispersion
of the wave packet components belonging to the various
lattice bands are determined by the derivatives of the
band dispersion curves at k = k0. Hence, the initial
wave packet generally breaks into several wave packets
that propagate at different speeds and undergo different
spreading [28]. An example of wave packet transmission
across the interfaces of Figs.2(a) and (b) is shown in
Fig. 4: (Color online) Same as Fig.3, but for the initial con-
dition ψ(x, 0) = exp[−(x − x0)2/w2] exp(ik0x) with x0 = 0,
w = 10 and k0 = 0. In this case excitation of the surface state
(20), localized at the interface, is clearly visible.
Figs.3(a) and (b), respectively, which depict the evolution
of |ψ(x, t)| for parameter values x0 = −100, w = 40 and
k0 = 1/4. The initial wave packet mainly excites Bloch
states belonging to the lowest lattice band, however wave
packet components belonging to the second and third
lattice bands are visible as well. The figures clearly show
that the interfaces connecting the two locally-periodic
crystals V1(x) and V1(x) + F0(x) are transparent, i.e.
no reflection of the incident wave packet is observed.
According to the theoretical analysis, the transparent
interface sustains a localized (surface) state, which is
given by Eq.(20). In our numerical simulations, this is
clearly shown in Figs.4(a) and 4(b), which depict the
evolution of |ψ(x, t)| in the lattices of Figs.2(a) and
(b) for an initial Gaussian input wave packet ψ(x, 0)
corresponding to x0 = 0, w = 10 and k0 = 0.
Conclusions. – Reflection at an interface separat-
ing two different media is a rather universal phenomenon
which arises because of wave mismatching at the inter-
face. However, in certain cases reflection is suppressed,
making the interface transparent. Such an exceptional
circumstance occurs, for example, in Klein tunneling of
massless Dirac fermions at a potential step or barrier in
graphene. Here we have shown that transparent inter-
faces, connecting two isospectral crystals, can be realized.
By means of supersymmetric methods of quantum me-
chanics, we have synthesized a one-parameter family of
p-5
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domain walls, connecting two isospectral crystals, which
is fully transparent at any energy of the propagating par-
ticle. An example of reflectionless interface has been pre-
sented for the sinusoidal (Mathieu) crystal, connected to a
non-sinusoidal potential. The transparency of the domain
walls has been verified by direct numerical simulations of
the time-dependent Schro¨dinger equation. It is envisaged
that our results could be of interest to both scattering
of matter or optical waves at the interface between pe-
riodic optical potentials. The realization of transparent
interfaces requires to synthesize special potentials. For
cold atoms, arbitrary prescribed optical potentials can be
realized by tailoring the laser intensity profile using holo-
graphic optical beam shapers [29, 30]. For optical waves,
artificial media with an arbitrarily-shaped refractive index
profile can be realized by etching subwavelength structures
into a homogeneous high-index dielectric slab, the local ef-
fective refractive index being controlled by the duty cycle
of the subwavelength structures [31,32].
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